A boundary element method is obtained for a class of two dimensional elliptic boundary value problems for inhomogeneous media. The method can be applied to variety of problems in such areas as antiplane strain in elastostatics, plane thermostatic problems for inhomogeneous anisotropic materials and flow through porous media.
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by equations of the form
where the repeated summation convention (summing from 1 to 2) is employed. Equations of this type govern the behaviour of a wide class of boundary value problems for both isotropic and anisotropic inhomogeneous media. Antiplane strain in elastostatics, plane thermostatics for anisotropic inhomogeneous materials and flow through porous media are three areas for which the governing equation is of the type (1).
A particular technique for solving a restricted class of equations of the type (1) has been obtained by Clements and Budhi [6] . Here a further technique will be considered for obtaining boundary integral equations for the solution of (1) for a more general class of equations of the type (1).
Some numerical examples are considered to illustrate the application of the boundary integral equations.
The analysis of the paper is purely formal; the main aim being to construct an effective boundary element method for classes of equations which fall within the type (1).
The boundary value problem
A solution to (1) is sought which is valid in a region Ω in R 2 with boundary ∂Ω which consists of a finite number of piecewise smooth closed curves. On ∂Ω 1 the dependent variable φ(x) (where x = (x 1 , x 2 )) is specified whereas on ∂Ω 2 , P = λ ij (∂φ/∂x j ) n i is C82 specified where ∂Ω = ∂Ω 1 ∪ ∂Ω 2 and n = (n 1 , n 2 ) denotes the outward pointing normal to ∂Ω .
For all points in Ω the matrix of coefficients [λ ij (x)] is a real symmetric positive definite matrix so that throughout Ω equation (1) is a second order elliptic partial differential equation. Further the coefficients λ ij (x) are required to be twice differentiable functions of the two independent variables.
The method of solution will be to obtain a boundary integral equation from which numerical values of the dependent variable φ and P may be obtained for all points in Ω.
The analysis of this paper is especially relevant to an anisotropic medium but it equally applies to the isotropic case. For isotropy the coefficients in (1) take the form λ 11 = λ 22 and λ 12 = 0 ; use of these relations in the following analysis immediately yields the corresponding results for an isotropic material.
A perturbation method
Consider the case when the coefficients λ ij (x) in equation (1) may be written in the form
where the constant coefficients λ
ij (x) and g(x) are twice differentiable functions and is a small parameter. Substitution of (2) into (1) provides
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Let
where g 1/2 (x) denotes the positive square root of g(x) . This transformation permits the left hand side of (3) to be written in the form
Hence substitution of (4) into (3) provides
If g(x) is restricted to satisfy the equation
then equation (5) reduces to
A simplification on the right hand side of (7) gives
where
A solution to equation (8) is sought in the form
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for r = 0, 1, . . . ,
for r = 1, 2, . . . .
The integral equation for (10), for
if (a, b) ∈ ∂Ω and ∂Ω has a continuously turning tangent at (a, b). Also
with
where z = x 1 + τ x 2 , c = a + τ b and τ is the root with positive imaginary part of the quadratic
and the bar denotes the complex conjugate.
From (4) and (9) φ is given by
where use of (4) in (16) provides
for r = 0, 1, . . . .
Also
for r = 0, 1, . . . , where
∂x j n i for r = 0, 1, . . . ,
Thus the integral equation (12) may be written in the form
Also, the function h (r) in (11), for r = 1, 2, . . ., may be written as
Now, the corresponding value of P is given by
To satisfy the boundary conditions in Section 2 it is required that φ (0) = φ on ∂Ω 1 where φ takes on its specified value on ∂Ω 1 . Also it is required that on ∂Ω 2 P (0) = g −1 P where P takes on its specified value on ∂Ω 2 . It then follows from (16) and (20) that for r = 1, 2, . . . φ (r) = 0 on ∂Ω 1 and
The integral equation (18) may now be used to find the numerical values of the unknowns on the boundary ∂Ω and the numerical values of φ (r) and derivatives in the domain Ω for r = 0, 1, . . . . At each stage in using (18) to determine φ (r) , the G (r) occuring in the boundary condition P (r) = −g −1 G (r) on ∂Ω 2 may be obtained from (21) which is evaluated from the previous iteration. Equations (16) and (20) then provide the values of φ in the domain Ω and P on the boundary ∂Ω .
C87

Numerical results
In this section various particular boundary value problems are solved numerically by employing the integral equations obtained in the previous section. In implementing the method to obtain numerical results standard boundary element procedures are employed [5, e.g.] . For all the problems considered the domain Ω is taken to be a square of side l and each side of the boundary ∂Ω is divided into N segments of equal length. Simpson's rule is applied to evaluate the line integrals on each segment. For the evaluation of domain integrals the domain Ω is divided into N 2 equal rectangles and the integrand is assumed to be constant over each rectangle.
Problem 1
Consider the problem of determining the temperature T throughout the square region in Figure 1 with the boundary conditions (as shown in Figure 1 )
on BC, T = 0.1 on AD, P = 0 on AB and CD, whereT = T /T * with T * a reference temperature. Alsox i = x i /l for i = 1, 2,P = P/P * with P * = λT * /l where λ and l denote, respectively, a reference thermal conduction coefficient and reference length.
The thermal conduction coefficients λ ij for the material occupying the region in Figure 1 increase in magnitude fromx 1 = 0 tox 1 = 1 according to the relationship λ ij = {1 + 0.1(2x 1 + 0.1x The problem is now solved using the numerical technique of Section 3. In applying this technique there are a number of possibilities in the choice of g(x) and λ (1) ij (x) in order to provide the coefficients (22) from the form given in equation (2) . Two possible forms for g(x) and λ (1) ij (x) are considered here.
1. Here g(x) and λ (1) ij (x) may be taken in the form g(x) = 1 , = 0.1 , 
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For this problem an approximate solution is sought in the form (16) with one iteration; that isT =T (0) + T (1) , wherē T (0) andT (1) satisfy (10) and (17) for r = 0, 1 respectively. Table 1 compares the analytic and boundary element method (bem) results for a number of points in the domain Ω and for the cases when the boundary ∂Ω is divided into 8, 32 and 64 segments. For up to 32 boundary segments the accuracy of the solution improves as the number of segments increases. The error is then influenced by the truncation error due to the solution (16) being restricted to two terms. Thus any further increase in the number of boundary segments does not uniformly improve the accuracy of the results.
The coefficients (22) may also be written in the form
by which way of presentation the coefficients also take form (2) Table 2 shows a comparison between the computational results obtained using the bem and analytic results for the same interior points. Only line integrals are involved in the bem and the procedure used to evaluate these integrals is identical to that used for Case 1. The results displayed in Table 2 (which may be compared with the results in Table 1 ) improve in accuracy as the number of boundary segments increases. In particular for 64 segments the results in Table 2 are considerably better than the comparable results in Table 1 . This is to be expected since the numerical method only involves boundary integrals and the error incurred in the previous case by truncating the solution (16) is not a feature of the method of this section. 
Problem 2
Consider the elastostatic problem of determining the antiplane displacement u for an inhomogeneous material occupying the square region shown in Figure 2 with the boundary conditions (as shown in Figure 2 )ū = 0 on AB, P = 1 on CD, P = 0 on BC and AD, whereū = u/u * with u * a reference displacement andP = P/P * where P = λ ij (∂u/∂x j )n i denotes the antiplane component of the stress vector and P * is a reference value of this component. The elastic moduli λ ij of the material increases in magnitude fromx 2 = 0 
whereλ ij = λ ij /λ * where λ * is a reference value of the elastic modulus. These moduli may be written in the form (2) with
For β = 0 the problem has the analytic solutionū =x 2 /[2(1 + 2x 2 )] . Table 3 compares numerical values for this problem, obtained using the method of Section 3, and the corresponding values obtained from the analytic solution.
When β = 1 , there is no available exact analytic solution to this particular boundary value problem. Some numerical values obtained using the bem of Section 3 are given in Table 4 . The values given indicate the expected convergence properties as the number of boundary segments increases. Also they are slightly smaller than the corresponding values given in Table 3 for the case when β = 0 . This is to be expected on physical grounds since the rigidity of the material as reflected in the larger value of the coefficientsλ ij when β = 1 would give rise to smaller values of the displacement.
Summary
A boundary element method for the solution of certain classes of elliptic boundary value problems for anisotropic inhomogeneous media has been derived. The method is generally easy to implement to obtain numerical values for particular problems. It can be applied to a wide class of practical problems for inhomogeneous anisotropic and functionally graded materials and the analysis includes isotropy as a special case. The numerical results obtained using the method indicate that it can provide accurate numerical solutions to particular boundary value problems.
